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Abstract. In this paper, we define equivariant evaluation subgroups 
of the higher Rhodes groups and study their relations with Gottlieb- Fox 
groups. 



Introduction 



While the Gottlieb groups G n (X) of a CW-space X with a basepoint 

are important objects of study in homotopy theory, the first Gottlieb group 

. G\(X) actually originated from Nielsen fixed point theory. In fact, G\(X) 

^ . was first introduced by B. Jiang and it is also known as the Jiang subgroup 

<3\ ■ J(X). 
CO 



In ^3] , the classical Nielsen fixed point theory was generalized to the equi- 
variant setting under the presence of a group action. Subsequent works re- 
lated to equivariant fixed point theory include [2j and [Zj . To facilitate com- 
putation of certain equivariant Nielsen type numbers, an equivariant Jiang 
condition was introduced in ^5] . This condition was studied and relaxed by 
Fagundes and Gongalves [2] who gave an example in which all equivariant 
fixed point classes have the same index while the space does not satisfy the 
equivariant Jiang conidtion. In [3] equivariant Gottlieb groups, which are 
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analogs of the equivariant Jiang subgroups in higher homotopy groups, were 
defined and used to compute the Gottlieb groups of orbit spaces. 

This paper is organized as follows. In Section 1, we recall the definition 
of the higher Rhodes groups a n (X, xq, G) and prove the following. 

Theorem 1.2. Suppose a group G acts freely on X with a basepoint xq. 
Then, o~ n (X,xo,G) -4 r n (X / G , p(xq)) is an isomorphism for all n > 1. 
This generalizes the result of Rhodes when n = 1. Moreover, we establish a 
split exact sequence, similar to that proved by Fox for the torus homotopy 
groups, for the Rhodes groups. We then introduce new equivariant Gottlieb 
groups (in contrast to those introduced in jlj) as subgroups of the higher 
Rhodes groups and discuss some basic properties in Section 2. We prove 

Proposition 2.4. A space X is Gottlieb if and only if it is a Gottlieb-Fox 
space. 

Relationships among various evaulation subgroups are discussed in Sec- 
tion 3. In particular, re-Gottlieb and equivariant n-Gottlieb spaces are re- 
lated as follows. 

Theorem 3.1. Suppose a group G acts freely on a spaces X with a 
basepoint xq. 

(1) For n> 2, if X is equivariant n-Gottlieb then X/G is n-Gottlieb. 

(2) For n > 1, if X/G is n-Gottlieb then X is equivariant n-Gottlieb. 

(3) Suppose X is a finite aspherical G-CW space. If X is equivariant 
1- Gottlieb then X/G is 1- Gottlieb. 

1. Higher Rhodes groups 

Throughout, G will denote a finite group acting on a compactly generated 
Hausdorff path connected space X with a basepoint. The associated pair 
(X, G) is called in the literature a transformation group. 

In F. Rhodes introduced the notion of the fundamental group cr(X, xq, G) 
of the pair (X, G), where x$ is a basepoint in X. A typical element in 
a(X,XQ,G) is the homotopy class [a; g] consisting of a path a in X and a 
group element g E G such that a(0) = Xo,a(l) = gx^. The multiplication 
in a(X, xq, G) is given by 



[ai\gi] * [a 2 \g2\ ■= [«i + 9\ol?,; gxgj[. 
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It is easy to see that the groups 7Ti(X, xq), a(X, xo, G) and G fit into the 
following short exact sequence 

1 -» tq(X, x ) -> a(X, x , G) -> G -» 1. 

Then, for n > 1, F. Rhodes ^2] defined higher homotopy groups o~ n (X, xo, G) 
of (X, G) which is an extension of T n (X, xq) by G so that 

(1.1) l^T n (X,x )^a n (X,x Q ,G)^G^l 

is exact. Here, r n (X, xo) denotes the n-th torus homotopy group of X 
introduced by R. Fox 13 . The group r n = T n (X, xo) is defined to be the 
fundamental group of the function space X T ™ 1 and is uniquely determined 
by the groups ri,7^, ... ,T n _i and the Whitehead products, where T n_1 is 
the (n — l)-dimensional torus. The group r n is non-abelian in general. 

Definition 1.1. Suppose that X is a G-space with a basepoint xo £ X. Let 
C n = I x T™" 1 . We say that a map / : C n — > X is of order g £ G provided 
f(0,t 2 ,..-,t n ) = x and /(l, i 2 , • • • , t n ) = g(x ) for (t 2 ,...,t n ) G T™" 1 . 
Denote by [/; 5] the homotopy class of a map / : G n — > X of order 5 and by 
<r n (X, xo, G) the set of all such homotopy classes. We define an operation * 
similar to the one on <r(X, xo, G) on the set cr n (X, xq, G), i.e., 

[/';</] ■= :/' • .<//:.'/.'/:. 

This operation makes a n (X,xo,G) a group. We write o"i(X,xo,G) for 
a(X,XQ,G). Now, the orbit map p : X — > X/G leads to a homomorphism 
: <7 n (X, xo,G) — > r n (X / G , p(xq)) , where p* ([/;<?]) is represented by the 
adjoint of the composite I -> (X/G) T " _1 of C n = I x T n ~ x ^ X ^ X/G 
for G cr n (X,X ,G). 

It was shown in that p* : <7i(X, xo,G) — > t\{X/G,p{xq)) is an iso- 
morphism for a free G-action on X. More generally, we have the following 

Theorem 1.2. Suppose G acts freely on X with a basepoint xq. Then, 

cr n (X,x ,G) ^> T n (X/G,p(x )) 
is an isomorphism for all n > 1. 
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Proof. Since the G-action on X/G is trivial, it follows that 

a n (X/G,p(x ),G)^T n (X/G,p(x )). 

By induction, we assume that 

a k (X,x ,G)^T k (X/G,p(x )) 

for k < n. We define the projection a n — > a n -i by [f;g] i— > [/;#], where 
/ : C n _i -> X is given by f o i n with z n : C n _i <— > G n defined by 
in(h,t 2 , ■ ■ ■ ,t n -x) = (t 1 ,t 2 ,...,t n - 1 ,Q) for (ti, . . . ,t n -i) G C n _i. The pro- 
jection a n — > cr n _i has a section cr n _i — ► a n via the projection C n — » G n _i 
defined by (ti,t2, • • • | - > (*i^2 ; • • • ,*n-l) for (ii, ... ,t n ) G G„. Consider 
the following commutative diagram 

1 > r n (X,x ) ► cx n (X,2;o,G) ► G ► 1 

(1-2) | | 

1 > T n -i(X,x ) > a n -i(X,x ,G) ► G > 1, 

where the first two vertical homomorphisms have sections. Since this di- 
agram is commutative for all k, it follows that the canonical projections 
a n (X,x ,G) -> cr n _i(X,x ,G) and T n (X,x ) -> T n -i(X,x ) have isomor- 
phic kernels, which we call K. But, the split exact sequence of Fox f3_ takes 
the following form (see jSJ) 

(1.3) -> r n _i(fiX,^j) -> r„(X,x ) r n _i(X,x ) -> 1. 

Thus, 

K^T n -i(nX,xt), 

where xq denotes the constant loop at x$. Now, consider the following 
commutative diagram 

1 ► K > a n (X,x ,G) > <7„_i(X,x ,G) > 1 

l" i P ' 1" 
1 ► T„_i(Q(X/G),p(xo)) > T n {X/G,p(xa)) ► r„_i(X/G,p(xo)) > 1. 

Note that r*(J7Z) is a direct product of higher homotopy groups of Z. Since 
G acts freely on X, the orbit map p : X — > X/G is a finite cover. Hence, 
the map p* : K = T n -i(QX, xq) — > T n -i(Q(X/G),p(xo)) is an isomorphism. 
Thus, by the Five Lemma and inductive hypothesis, the homomorphism 
: a n (X,xo,G) — > T n (X/G,p(xo)) is an isomorphism. □ 
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Since, in (jlJ-ifl . the kernel of r n — > r n _i is T n _i(f2X, xq), we have the 
following result generalizing 

Theorem 1.3. 77ie following sequence 

(1.4) -» r„_i(nX,xo) -» a n (X,x ,G) a n _i(X, x , G) -► 1 

is spZi£ exact. 

Remark 1.1. Let s n _i : (J n _i — > a n be the section. Consider the injective 
homomorphism s n _io- • -os2°si : o\ — > <7 n and the action n : a n — > Aut(<7 n ) 
given by conjugation. The action of o~\ on a n is given by 

©n s„_i o • • • o si : o\ -> Aut(cr n ). 

Likewise, for the Fox torus homotopy groups, there is an action of 7ri = t\ 
on T n . In fact, the action of t\ on r n is simply the restriction of that of a\ on 
a n . Furthermore, since T n -i(£lX,~x~o) = Y\ n iti(X, xo) a % one can show that 
Tr n (X, xq) is a (embedded) normal subgroup of a n . By embedding a\ in a n , 
one obtains an action of a\(X,xo, G) on 7r n (X, xo). 

2. Evaluation subgroups of Rhodes groups 

Given a space X, we defined in [5] the Gottlieb- Fox groups to be the eva- 
luation subgroups Gr n := Gr n (X, xo) := Im(ev* : r n (X x , 1^) — ► r n (X, xo)) 
of the torus homotopy groups r n for n > 1, where X^" := Map(X, X) is the 
map space. 

In this section, we define and study the analogous evaluation subgroups 
of the Rhodes groups a n for n > 1. 

Definition 2.1. Given a G-space X, consider the pointwise action of G on 
the space X x , i.e., (gf)(x) := gf(x) for g G G, / G X x and x G X. 
The evaluation subgroup 

Gcr n := G<7 n (X,x ,G) := Im(ei;* : cr n (X x , lx, G) -> cr„(X,x , G)) 

of cr n is called the n-th Gottlieb-Rhodes group of a G-space X. 

To relate the Gottlieb-Rhodes groups with the Gottlieb-Fox groups, we 
consider the homomorphism p n : Ga n — > G given by [/; g] i— ► <? for [/; 3] G 
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Theorem 2.2. The following sequence 

(2.1) 1 -» Gr n -> G<r„ ^ Go - 1 

zs exact. Here, Gq is the subgroup of G consisting of elements g considered 
as homeomorphisms of X which are freely homotopic to lx ■ 

Proof Since [f;g] G Ga n , we get [f;g] = ev*{[F;g\) for some [F;g] G 
o" n (X x , lx, G). This means that g* ~ lx (or equivalently g G Go) via 
the homotopy determined by the restriction map F\ : I X {1, . . . ,1} — > 
Thus, we get p n {Ga n ) = Go- By the naturality of the evaluation map and 
the fact that Ker(p n C r n , it follows that Kerp n = Gr n . □ 

The group Ga n was already defined by M. Woo and Y. Yoon ^H] who 
asked whether Ga n is abelian in general. In view of ()2.1j) . we expect that 
Ga n is non-abelian in general. 

Example 2.3. Let X = MP 3 = § 3 /{±I} be the 3-dimensional real projec- 
tive space and G = Z2 © Z2. Consider the free action of the quaternionic 
group C;8 C § 3 on the sphere § 3 . Then, G acts on X as a quotient of Qs- 
Then, Goi = Q 8 , Gr x = Z 2 and G = G = Z 2 © Z 2 . 

We have three evaluation subgroups, namely the classical Gottlieb groups 
G n {X) = G n (X, xq), the Gottlieb-Fox groups Gr n (X) = Gr n (X, xq) and 
the Gottlieb- Rhodes groups Ga n (X,G) = Ga n (X,xo,G), where (X, G) is a 
transformation group. We shall compare these different notions. Recall that 
a space X is a Gottlieb space if G n (X) = 7r n (X) = ir n (X, xq) for all n > 1. 
Similarly, we say that X is Gottlieb-Fox or Gottlieb-Rhodes for a G-space X 
if Gr n (X) = T n (X) and Gcr n (X, G) = a n (X,G), respectively for all n > 1. 
Certainly, any f/-space is Gottlieb-Fox. 

Remark 2.1. It is straightforward to see, using Theorem l2.21 that a G-space 
X is Gottlieb-Rhodes if and only if X is Gottlieb-Fox and Go = G. 

Proposition 2.4. Suppose that X is a compactly generated Hausdorff path 
connected space. Then, X is Gottlieb if and only if it is a Gottlieb-Fox space. 
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Proof. It was shown in [2] that the Gottlieb-Fox groups are direct products 
of the classical Gottlieb groups. More precisely, there is an isomorphism 

n 

Gr n (X)=i Y[Gi(X)v, 

i=l 

where ji = QZx) ■ From 3] , we also have 

n 

1=2 

where aj = ("Za)- Suppose X is Gottlieb. Since T\ = tt\ and Gt\ = G±, we 
have ti = Gt\. By inductive hypothesis, we may assume that Gr n (X) = 
r n (X). Now, 

n+1 

r n+ x(X) =i W^Xf* xGr n (X) 

i=2 

n+1 n 

^H^xf^H^ixp, 

i=2 i=l 

where Pi = (™~ 2 ) • Since the semi-direct is given by the Whitehead product 
and X is Gottlieb, the action is trivial and thus 

n+1 n 

r n+1 (X)=i n^PO ft xJJtt^XP. 

i=2 i=l 

For 2<i <n, 

(n-l\ (n-l\ ( n 
It is easy to see that 

n+1 n+1 

H Gi(X)(i-i) Gr n+1 (X) = r n+1 (X) =i J] 7r<(Jf)(i-i). 

1=1 i=l 

Thus, by induction, X is a Gottlieb-Fox space. 

Conversely, if X is Gottlieb-Fox, then Gt\{X) = T\(X) is equivalent to 
Gi{X) = m{X). Suppose Gi(X) = m{X) for % < n. Then, T n+1 (X) =i 
U7=i M x ) Pl xr n {X) is a direct product since r n (X) = Gr n {X) =i n" =1 G l {X)^ 
and Whitehead products with Gottlieb elements vanish. Now, 



f[Gi(X)^xG n+1 (X) <= Gr n+1 (X) = r n+1 (X) 7r i (X)(*-i) xvr n+1 (X). 

i=l i=l 
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But, by inductive hypothesis, TTi(X) = Gi{X) for i < n. Note that the 
equality above mens that the inclusion Gr n+ i(X) <^-> T n+ i(X) is an isomor- 
phism. This inclusion is given by the product of the respective inclusions 
G n +i(X) C ir n+ i(X) and Gi(X) C ir^X) for i < n. Since the inclusions 
Gi(X) C TTi(X), for i < n, are isomorphisms, it follows that the inclusion 
G n +i(X) 7r n+ i(X) must be an isomorphism. Hence, X is a Gottlieb 
space. □ 

Example 2.5. Let X = S n be the n-sphere and G be a finite group acting 
freely on X. If n is even, then G = Z2 in which case G 7^ Go = {e}. If ra 
is odd, then for any g G G, the Lefschetz number is zero since g has 

no fixed points. It follows that L(g*) = 1 — degg* = and this implies that 
degg* = 1. Thus, <?* is nomotopic to lx- In this case, G = Go- 

Example 2.6. Let X = T 3 be the 3-dimensional torus and G = Z2 = (i). 
The action of G on X is given by t ■ (a,b,c) 1— » (Aa,6, c), where A is the 
antipodal map on S 1 and z denotes the complex conjugate of z. The map 
induced by the generator t is of degree 1 but is not homotopic to the identity 
so that G 7^ Gq. It is well known that //-spaces are Gottlieb spaces. This 
example shows that X being Gottlieb-Fox does not imply X that is Gottlieb- 
Rhodes without the condition G = Gq. 

Next, we generalize a result of Gottlieb |Sj on the Gottlieb subgroups in 
a fibration. Let G be a finite group. By a G-fibration, we mean a G-map 
p : E — > B satisfying the G-Covering Homotopy Property for any G-spaces. 

Theorem 2.7. Let G be a finite group and E — > B be a G-fibration such 
that B G / 0. Let F = p _1 (6o) for some b G B G and choose b G F. Then, 
there exists a homomorphism d* : a n (£lB,bo,G) — > a n (F,bo,G) such that 

d*(o- n (nB,bo~,G)) C Ga n (F,6 ,G). 

Proof. Let fi-B be the space of loops based at 60. Consider the G-action on 
VLB x G given by 5 • (A, 5') = (g\,gg') for (A, £ QB x G and 5 G G. 
Because the definition of <7 n automatically restricts to the component of the 
basepoint and the group G is finite, the projection pq : £IB x G — > 
induces an isomorphism 

PG ,:a n {nBxG, (po, e), G) — > cr n (fi5, 6q, G), 
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where e € G denotes the identity element. 

Using the G-Covering Homotopy Property, there exists a G-lifting func- 
tion hq : £IB xG-» F F . Define a map to be the composite 

a n (nB,k>, G) PG X a n (UB x G, (V , e), G) >* a n (F F , 1 F , G) ^ a n (F, b , G). 
Then, the assertion follows from the definitions of d* and of Go~ n . □ 

Remark 2.2. When G = {1}, the map d* becomes the boundary homo- 
morphism induced by the action of QB on F so that Theorem 12 , 71 b ecomes 
the first part of $J Theorem 2.2]. 

3. EQUIVARIANT GOTTLIEB GROUPS AND ORBIT SPACES 

In |3j, equivariant Gottlieb groups {G n (X H ,Xq)} or simply {G n (X H )} 
were defined for every subgroup H < G of a G-space X, where X H is the 
subspace of X given by //-invariant points. These groups are subgroups 
of the classical homotopy groups ir n (X H ). When n = 1, {Gi(X H )} are 
the same as the G- Jiang subgroups as defined in [T^]. In this section, we 
investigate relationships among the various evaluation groups. 

For any positive integer n, a space X is n-Gottlieb if G n (X) = ir n (X). 
Similarly, X is n- Gottlieb- Fox if Gr n (X) = T n (X). Recall from 0] that for 
any n > 1 and for any subgroup H < G, 

G n (X H ) = Im(e?7* : 7r n (Map WH (X H , X h ),1 x h) ^ ir n (X H , x )), 

where Map WH (X H , X H ) is the space of WH = NH/H-m&-ps on X H , where 
NH is the normalizer of H in the group G and WH is the Weyl group. 
For any positive integer n > 1, a G-space X is said to be n-Gottlieb- 
Rhodes if Ga n (X, Xq,G) = a n {X, xo,G). Similarly, we say that X is equi- 
variant n-Gottlieb if G n (X H ) = 7r n (X H ) for every subgroup H. While 
one can define analogously the notion of equivariant n-Gottlieb-Rhodes, i.e., 
Ga n (X H ,xq, WH) = o- n (X H , xq, WH) for every subgroup H, for the rest 
of the paper we will only study the various evaluation subgroups when the 
G-action is free. 

Theorem 3.1. Suppose a group G acts freely on a space X with a basepoint 

Xq. 

(1) For n > 2, if X is equivariant n-Gottlieb then X/G is n-Gottlieb. 
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(2) For n > 1, if X/G is n- Gottlieb then X is equivariant n-Gottlieb. 

(3) Suppose X is a finite aspherical G-CW space. If X is equivariant 
1-Gottlieb then X/G is 1- Gottlieb. 

Proof. Certainly, given a free G-action on X, the subspaces X H are empty 
for any non-trivial subgroup H of G and = X. 

(1) For the obvious map q : Map G (X, X) —> Map {X/G, X/G), consider 
the following commutative diagram 

7T n (Mwp G (X,X),l x ) n n (X,x ) 



7r n (M ap (X/G,X/G),l x/G ) 7r n (X/G,p(x )) 

for any n > 2. If X is equivariant n-Gottlieb then the evaluation map ev* : 
7r n (Map G (X, X), lx) — > 7r n (X,xo) must be onto. Furthermore, since p* : 
7r n (X,xo) — > ir n (X/G,p(xo)) is an isomorphism, the commutativity of the 
diagram implies that ev* : 7r n (Map(X/G, X/G), Ixig) ~ * K n (X/G,p(xo)) is 
also surjective, i.e., G n (X/G;p(xo)) = n n (X / G , p(xq)) . 

(2) The case when n = 1 was already proven in [15, Proposition 4.9]. For 
n > 2, it was proven in [3J Proposition 3.3] that p*(G n (X)) = G n (X/G). 
Since : ir n (X) — > ir n (X/G) is an isomorphism for n > 2 and G n (X/G) = 
7r n (X/G) by assumption, it follows that G n (X) = 7r n (X), i.e., X is equi- 
variant n-Gottlieb. 

(3) Since X is a finite aspherical CW space, so is X/G. The fundamental 
groups ni(X) and tt\(X/G) are finitely generated and torsion- free. Since X 
is equivariant 1-Gottlieb, G\(X) = tti(X) and consequently %x(X) = lL d for 
some integer d > 0. By H Proposition 3.3], p*(Gi(X)) C Gt(X/G). More- 
over, a result of Gottlieb asserts that G\(X/G) is the center of it\(X/G). It 
then follows that p*(vri(X)) = p*(Gi(X)) C Gt(X/G) is central in 7ri (X/G) . 
In other words, the exact sequence 

-> Z d 7ri(X) -» iti{X/G) -> G -» 1 

determined by the orbit map p : X — > X/G is a central extension. By |14j . 
the group tti(X/G) = Z d is free abelian of the same rank as m(X). Then, 
since X/G is aspherical, G\(X/G) = Center (iri (X/G) = tti(X/G)) and the 
space X/G is 1-Gottlieb. □ 
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For n = 1, (1) of Theorem 13. II does not hold as we show in the following 
examples. 

Example 3.2. Let X = S 3 x S 3 x § 3 , G = Z 2 = (t), where the free action of 
G on X is given by t ■ (x, y, z) = (— x, y, z). Here, w denotes the conjugate of 
w in S 3 which is regarded as the unit quaternions. Note that Gi(X) = {1} 
since ir^X) = {1}, and G X (X/G) = {1} while ir x {X/Cf) = Z 2 . To see this, 
observe that the elements of G\{X/G) act trivially on tt^(X/G) = tts(X) 
but the automorphism G Aut(7r 3 (X)) for ^(10101) = (1 (-1) © (-1)) 
is non-trivial. 

Example 3.3. Let X = § 3 and G be a finite subgroup of S 3 . The free action 
of G on X is multiplication in S 3 so that X/G is the coset space § 3 /G. By 
jU, G n (S 3 /G) = G n (S 3 ) for all n > 1. Since § 3 is a topological group, it is n- 
Gottlieb for all n > 1, i.e., § 3 is a Gottlieb space. Using |IJ Proposition 3.3], 
we have G n (S 3 ) ^ G n (S 3 /G) for n > 2 so that G n (S 3 ) ^ G n (S 3 ) ^ vr n (S 3 ). 
For n = 1, Gi(§ 3 ) = {1} = 7Ti(S 3 ). Therefore, S 3 is equivariant n-Gottlieb 
for all n > 1. However, if G is not abelian, then § 3 /G is not 1-Gottlieb. 

Remark 3.1. J. Oprea |10| proved that if G is a finite group acting freely 
on § 2n+1 then Gi(S 2n+1 /G) is the center of G. In particular, when n = 1, 
Oprea's result asserts that § 3 /G is Gottlieb if and only if G is abelian. This 
result cannot be generalized to arbitrary simply connected Gottlieb spaces. 
In fact, Example 13.21 serves as a counter-example in which X is a simply- 
connected Gottlieb space (since it is a topological group) admitting a free 
G = 7*2 action but X/G is not a Gottlieb space. 

J. Siegel gave the first example of a finite dimensional Gottlieb space 
that is not an .ff-space. Following our discussion in this section, one can 
construct similar but even simpler examples as follows. 

Example 3.4. Let X = §> 3 /Z4 be the coset space of § 3 by the finite sub- 
group Z4. Then, X is a Gottlieb space but not an ff-space. The fact that 
X is a Gottlieb space follows from the same argument used in Example 13.31 
except now G = Z4 is abelian so that X is indeed 1-Gottlieb. The fact that 
X does not admit an .ff-structure follows from ^ Theorem 4, p. 87]. 

We end this section by studying the Gottlieb- Rhodes groups of a free G- 
space and the Gottlieb groups of the orbit space when the space is aspherical. 
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Proposition 3.5. Suppose a finite group G acts freely on a finite aspherical 
G-CW space X with a basepoint. Then X/ G is Gottlieb if and only if X is 
a Gottlieb- Rhodes space. 

Proof. By Theorem 13.11 Xj G is Gottlieb if and only if X is equivariant 
Gottlieb. Since the G-action is free, an equivariant Gottlieb space is the 
same as a Gottlieb G-space. Using Remark 12.11 and Proposition 12.41 X is 
Gottlieb-Rhodes if and only if X is Gottlieb and Go = G. Thus, if X is 
Gottlieb-Rhodes then X/G is Gottlieb. 

To prove the converse, it suffices to show that if X/G is Gottlieb then 
Go = G. Since X/G is Gottlieb the groups ni(X/G) and tti(X) are abelian. 
Hence, because the space X is path connected, there is a canonical induced 
G-action on tti(X). But p : X — > X/G is a finite cover, so it follows that 
the short exact sequence — ► tti(X) — > tti(X/G) — > G — > 1 is a central 
extension so that G acts trivially on tti(X). That is, every g € G induces 
the identity homomorphism on tti(X). Since X is aspherical, it follows that 
g is homotopic to the identity map lx- This means that Gq = G. □ 

Remark 3.2. In general, X being equivariant Gottlieb does not imply that 
X is Gottlieb- Rhodes even when G acts freely on X. In fact, Example 13.21 
furnishes such an example since Go = {1} ^ G = Z2 and X is equivariant 
Gottlieb. 
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